We examine the superradiance of a Bose-Einstein condensate pumped with a Laguerre-Gaussian laser of high winding number, e.g., = 7. The laser beam transfers its orbital angular momentum (OAM) to the condensate at once due to the collectivity of the superradiance. An -fold rotational symmetric structure emerges with the take place of rotatory superradiance.
I. INTRODUCTION
Superradiance (SR) is the collective emission of an ensemble of atoms into an initially unoccupied mode [1, 2] . Atoms interact with the common electromagnetic field within the extent of the pump's coherence length, and are excited to many-body states. Vacuum fluctuations in an empty photon mode stimulate the decay (emission) of atoms to this mode [3] . Hence, SR is often called as the spontaneous collective emission of an ensemble. This makes SR strongly directional [4] . Probability of the ensemble to spontaneously decay to an empty mode is proportional to the exponential of the ensemble length along this direction [4] .
SR is a quantum phase transition (PT) [5] [6] [7] , which can be treated with the Dicke model [1] . Above a critical pump (or effective atom-photon coupling) strength, phase transition results in the macroscopic occupation of the electronic excited states. The collectivity, which SR induces, leads to bipartite entanglement of particles [8] , photon-atom entanglement [8] , single-mode nonclassicality [9] but more importantly, to N -particle (collective) entanglement [10] of particles via spin-squeezing [11] . Spin-squeezing is the collective entanglement of all (N ) of the ensemble atoms, where the measurement of a single atom influences all the remaining ones instantaneously. In a Bose-Einstein condensate (BEC), such a collective entanglement is shown to be induced purely by the atom-atom collisions [11] . For the superradiant scattering from a BEC, this preexisting collectivity enables an earlier induction of the phase transition since BEC is already in the symmetric superradiant Dicke states [1] .
When a BEC is stirred, it does not rotate until a total of N orbital angular momentum (OAM) is transferred * Corresponding author: metasgin@hacettepe.edu.tr to it [12] . Experiments on the transfer of OAM to BECs via optical pumping [13] [14] [15] [16] make us understand that there exist a critical threshold for breaking the collective behavior of N -particle entanglement of a BEC [17] . A BEC can be made partially rotate, if the recoil energy ( ω R ), a single atom gains, exceeds the mean atom-atom interaction energy (U int /N ) which is the situation for the optical frequencies. Therefore, regular optical pumping cannot transfer BEC to a rotatory state collectively.
We use the collectivity [10] of rotatory SR [17] to optically induce many vortices in a BEC, at a single time. We pump the BEC with a Lauguerre-Gaussian (LG) beam of higher modes (upto = 7), see Fig. 1 . We observe that the -fold rotational symmetric density structures emerge, Fig. 5 , even though the pump and BEC initially have cylindrical symmetric intensities. Interestingly, single-charge vortices emerge at the arms of the -fold symmetric structures, see Fig. 5 . We determine the spatial form of the superradiant scattered pulse, F (x, y), evolving with the equations of motion (EOM). Form of the scattered SR field is free of constraints, e.g., no mode expansion is used.
Reorganization of the condensate into -fold rotational symmetric structures, resembles the take place of spatial ordering in normal SR, explored by Esslinger and colleagues [7] . In Refs. [6, 7, 18, 19] , the appearance of spatial ordering arises due to the collective transfer of linear momentum via normal SR. Here, -fold rotational ordering (and quantized vorticity) takes place due to the excess OAM transfer to the BEC via rotatory SR. Breaking of the cylindrical symmetry into the -fold symmetry and OAM transfer to the BEC become possible after the same critical pump strength. Quantized rotations (single-charge vortices) also emerge in an -fold rotational ordered form. We observe that rotatory SR emerges without a preceding normal SR, unlike Ref. [17] can be demonstrated only within the second-quantized scheme [4, 20] , since it is triggered by vacuum fluctuations. Nevertheless PT manifests itself also in semiclassical treatments as instabilities [18] on which experimental results [7] can be mapped consistently.
We show that (i) angular momentum transferred to the BEC, L z , becomes nonzero only after a critical pump strength η > η c , see Fig. 6 , which is accompanied by the breaking of the cylindrical symmetry into the -fold rotational symmetry, see Fig. 7 . (ii) Temporal width of the scattered pulse peak is inversely proportional to the number of atoms [21, 22] , see Fig. 3 , which is characteristic to SR. For η sufficiently larger than η c , scattered field intensity displays in-phase scattering, I ∼ N 2 , behavior. (iii) Transition is in the Dicke form such that critical pump strength (η c ) depends on the frequency of the end-fire mode (∆) and diagonal atom-field coupling (U 0 ) in the form suggested by Nagy et al. [7, 18] , see Fig. 8 .
II. HAMILTONIAN
We examine the dynamics of a pancake BEC [23] , see Fig. 1 , which is illuminated with a strong LG laser of optical frequency ω L along the symmetry axis z.
LG pump has a spatial profile
and carries an amount of OAM per photon. Detuning enables the adiabatic elimination of the electronic excited state [24, 25] . w L is the radial width and k L is the wavevector of the LG pump. Electric field amplitude of the
with V the volume of the laser cavity.
Similar to the end-fire modes emitted out of a pencil shaped condensate [4] , scattered radiation off a pancake BEC would consist of radial edge-fire modes, in the xy-plane shown in Fig. 1 . End-fire modes are emitted through the edge, along the s = xx + yŷ directions since the BEC is tightly confined along the z-axis. When the xy profile of the scattered radiation has a smaller winding number compared to the pump winding, OAM is transferred to the BEC. If the scattering is collective, that is superradiant, OAM is transferred to the BEC collectively at a single time, i.e. via e N t/τ emission behavior [4] . The second quantized effective Hamiltonian,Ĥ, of the system can be written as the sum
of the energy of the external (motional) states of the BEĈ
interatomic collision Hamiltonian
the total electromagnetic energy of the scattered field
coupling of the atoms with the pump (off-diagonal term)
and the interaction of the scattered field with the atoms (diagonal term)
where we make parametric pump approximation for the LG laser. Here,
is the firstquantized Hamiltonian for the BEC with V (r) is the trap potential.Φ(r) is the field operator for the superradiantly scattered pulse, whose spatial behavior is determined by the EOM.Ψ(r) is the field operator for the BEC. g a is the effective strength for the atom-field interaction [24, 25] .
Due to the symmetry of the system and the form of the pump (1), we make separation of variables in the BEC and the field operators,Ψ(r) =f (x, y)Ẑ(z) and Φ(r) =F (x, y)Z f (z). This reduces the computational efforts. We obtain the time evolution for each operator using the Heisenberg EOM, e.g., i
Ḟ (x, y) = [F , H] (see the Appendix). Since we are interested in the field amplitudes, we replace all of the operators by c-numbers, e.g.f (x, y) → f (x, y).
We scale the BEC wave-function Ψ(r) and the scattered field Φ(r) with √ N [18] . Parameters η = g a √ N |α L | and U 0 = g a N control the strength of the offdiagonal (Ĥ af ) and diagonal (Ĥ (2) af ) atom-field couplings, respectively. Off-diagonal coupling favors the macroscopic occupation the scattered field [5] while energy of the diagonal coupling is minimized with a microscopic scattered field. Hence, the two works against each other. If g s is negative (positive), collision term supports (works against) the SR transition [6, 18] .
Tightly confined BEC does not superradiate along the z-direction. SR field profile along the z-direction nonvanish only in the condensate, which has an extent of 10nm that is much smaller than the wavelength of the radiation. Therefore, we neglect Z f (z) profile in Φ(r). Additionally, again due to the tight confinement of the BEC along the z-direction, vortices pointing along the xy directions are energetically unfavorable. The scattered light (end-fire mode) propagates almost in the x-y plane due to the strong directionality of the SR [4, 26] , thus has no propagation component along the z-direction.
We note that, in obtaining the EOM we do not make any mode expansion in the BEC, Ψ(r), or the scattered SR field,F (x, y), profiles. We aim to observe the free (without constraint) evolution of the scattered field and the BEC through the EOM. This is because, during the time evolution, BEC and the scattered field may attain unexpected profiles, which can maximize/minimize the interaction terms.
We examine the behavior of the system both in the presence and the absence of damping. Following the mean field theory of free space superradiance from an ensemble of atoms, we introduce a phenomenological linear loss term into the field dynamical equation in our Maxwell-Bloch type equations [19, 27, 28] , in Eq. (A1). Presence of damping causes the 3-fold ordering and the OAM transfer to take place at higher pump intensities, as should be expected.
III. VORTICES WITH -FOLD ROTATIONAL SYMMETRY
We time evolve F (x, y) and Ψ(r) = f (x, y)Z(z) using the EOMs given in the Appendix. In Fig. 2 , macroscopic OAM transfer to the BEC follows the emission peak (at t 1.45/ω R ). In Fig. 2(a) , the L z can have values different than pump LG photon's OAM due to collective nature of the superradiant scattering. The temporal width of the peak (∆τ ), in Fig. 2(b) , follows the superradiant form suggested by the Refs. [21, 22] . When we increase the number of atoms by n times, we observe that temporal width of the peak shrinks to ∆τ /n, see Fig. 3 . Additionally, the peak intensity follows the form ∝ N 2 form. Hence, the scattering displays the superradiant character.
In Fig. 4 , we depict the time evolution of the spatial profile for both the BEC and the scattered field. In the close proximity of the scattering peak, Fig. 2(b) , azimuthal symmetric BEC profile reorganizes to 3-fold rotational symmetry, Fig. 4(b) . This happens even though both BEC and LG pump intensity have cylindrical sym- [21] . We observe that FWHM is ∆τ =0.0048 for N = N0; ∆τ = 0.0023 for N = 2N0 and ∆τ =0.0012 for N = 4N0. This is a behavior characteristics to superradiant scattering. We remind that N appears in the parameters as η = ga √ N |αL| and U0 = gaN . (We shifted the three curves to the same peak position and normalized the max intensity to 1 and no damping is assumed.) metry initially. The winding number of the laser is transformed to the 3-fold rotational symmetry. Three singlecharge vortices appear at the arms of the 3-fold rotational symmetric density profile. By enclosing small spatial regions around the three vortex positions, we calculate the expectation value of theL z operator and find that they carry a single charge. In Fig. 4(d) we observe the expansion of the three vortices when the laser field is lifted off. Remaining OAM (m tot − ) , per atom, is distributed to the body of the BEC, where m tot = Ψ(r)|L z |Ψ(r) is the total OAM of the BEC.
In our simulations, -fold rotational symmetric structures emerge for the pumping with a LG laser of winding number , see Fig. 5 . Single-charge vortices emerge at the ends of -fold rotational symmetric structures. When the OAM transferred to BEC is smaller than the -fold symmetry, m tot < , -fold symmetric structures emerge again. However, in this case no single-charge vortex appear at the arms. The whole OAM is distributed to the body of the BEC. No quantized vorticity can be identified in the body of the BEC. We note that, in difference to vortex creation via stimulated emission [29, 30] , amounts of OAM which are larger than the one for the pump can be transferred to the BEC via SR. There are two reasons. First, since SR is a collective process, the atoms can absorb and emit multi-photons collectively. Hence, more than one photon per atom can contribute to the collective emission. Second, in our case, the spatial profile of the BEC sidemode in which atoms can recoil is not constrained, since a stimulating laser do not impose the spatial profile of the mode [29, 30] .
IV. CRITICAL PUMP STRENGTH
In Fig. 6 , we observe that OAM transfer to the BEC can be achieved only after a critical pump strength η > η c depending on the actual values of the diagonal coupling (U 0 ), collision (g s ) and damping of the scattered field (κ) [18] . -fold rotational ordering in the density can appear only after η > η c , where OAM transfer to the BEC becomes possible [31] . The 3-fold ordering in the BEC profile becomes visible for η > η c , see Fig. 7 .
In the absence of damping, κ = 0, we clearly observe the staircase of plateaus at L z = 1 and L z = 2 horizontal lines. This resistance against the the OAM transfer is due to the rotationless nature -unless multiplies of N OAM is gained [12] -of the BEC. When we introduce damping, these plateaus become unobservable. In Fig. 6 , we observe a gradual increase in the OAM which is managed to be transferred to the BEC. Note that: when we say OAM transfer to the BEC, for the case of non-integer L z values, we mean that BEC can have this transient OAM values in real time dynamics only for a short time unlike quantized vorticity. We underline that, for η < η c , BEC do not support OAM even for a short time.
Despite the gradual increase in L z , the visibility of the -fold rotational ordering appears quite sharply just after η > η c 2.25. In Fig. 7 , we observe that between η=1.50-2.25, visibility of the 3-fold ordering remains almost constant, while for η > η c 2.25 3-fold ordering appears and remains almost constant between η = 2.75-3.50. Therefore, onset of the OAM transfer to the BEC is accompanied by a 3-fold rotational symmetric ordering [31] .
Even though the complexity of the functions determining the superradiant emission and the recoiled BEC prevents us from establishing a simple mapping, presented in Ref.s [6, 7, 18] , in Fig. 8 we show that η c follows a form similar to the one predicted by Nagy et al. [18] . In Fig. 8 , we plot log ∆-log η c and log ∆-log η c . We observe the η c ∼ ∆ 1/2 for U 0 = g s = 0 and η c ∼ U 1/2 0 behaviors predicted by Ref. [18] . According to Ref. [18] , η c ∼ U 1/2 0 behavior should be observed for the large values of U 0 since ∆=1 can be neglected in this regime.
V. SUMMARY
In summary, we observe that BEC reorganizes to -fold rotational symmetry above a critical pump strength η c . For η < η c , OAM transfer to the BEC does not appear. When η > η c , OAM transfer [31] and -fold rotational symmetry show up mutually. For excess OAM transfer, number of single-charge vortices appear at the arms of the -fold symmetric structures.
In the time evolution, these structures appear after a sharp scattering peak, Fig. 2(b) . The temporal width of this peak follows the superradiant characteristics introduced in Refs. [21, 22] , see Fig. 3 .
In this paper, we do not trap the SR scattered pulse in a cavity in the x-y directions. However, if such a cavity would be present linear ordering [7] and rotatory ordering would be expected to emerge together -possibly vortices distributed in a different pattern among the linearly ordered structure. FIG. 7 . Visibility of the 3-fold rotational ordering in the BEC profile (|F (x, y)|) for different η values. Profiles correspond to solid line in Fig. 6 . For each η value, we perform the time evolution and capture the BEC profile where 3-fold ordering is most observable. From η = ηc 2.25 to η=2.5, the visibility of the 3-fold symmetry jumps. Only after η > ηc = 2.25, OAM transfer to BEC can be achieved. For η < ηc, BEC cannot handle OAM even for a small time. We note that, 3-fold ordering does not change much in the three graphics η=1.5, 1.75 and 2.0; but changes apparently at η=2.25 and 2.5. Visibility also does not change much at the three graphics for η=2.75, 3 and 3.5. as predicted by the model of Nagy et al. [6, 18] 
